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Abstract— The recent development in vehicle-to-everything
(V2X) communication opens a new opportunity to improve the
positioning performance of the road users. We explore the benefit
of connecting the raw data of the global navigation satellite
system (GNSS) from the agents. In urban areas, GNSS posi-
tioning is highly degraded due to signal blockage and reflection.
3D building model can play a major role in mitigating the GNSS
multipath and non-line-of-sight (NLOS) effects. To combine the
benefits of 3D models and V2X, we propose a novel 3D mapping
aided (3DMA) GNSS-based collaborative positioning method
that makes use of the available surrounding GNSS receivers’
measurements. By complementarily integrating the ray-tracing
based 3DMA GNSS and the double difference technique, the ran-
dom errors (such as multipath and NLOS) are mitigated while
eliminating the systematic errors (such as atmospheric delay and
satellite clock/orbit biases) between road user. To improve the
accuracy and robustness of the collaborative algorithm, factor
graph optimization (FGO) is employed to optimize the positioning
solutions among agents. Multiple low-cost GNSS receivers are
used to collect both static and dynamic data in Hong Kong and to
evaluate the proposed algorithm by post-processing. We reduce
the GNSS positioning error from over 30 meters to less than
10 meters for road users in a deep urban canyon.

Index Terms— GNSS, collaborative positioning, 3D building
model, ray-tracing, V2X, NLOS, urban canyon.

I. INTRODUCTION

DUE to the rapid development of signal communication,
information sharing between neighboring road users is

becoming possible2. Researchers studied the new potentials by
combining the measurements from the agents rather than only
using the on-board measurements of one road user [1], [2].
Combined measurements can also improve the perception
range of their surroundings or anti-spoofing ability [3], thereby
contributing to road safety in intelligent transportation sys-
tems (ITS). Transponder-based methods are applied in vehicle-
to-vehicle (V2V) collaborative positioning [4]–[6]. They use
the time-of-arrival to measure the relative positions of different
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vehicles. However, these transponder-based methods suffer
from non-line-of-sight issue (NLOS) [1] and are unable to
obtain the relative distances from others when an obstacle
is in-between two vehicles. Therefore, the detection ranges
of these methods are limited. In contrast, the GNSS-based
collaborative positioning method is able to overcome this
issue and obtain full 3D relative position, even when obsta-
cles exist in-between vehicles. Based on the shared GNSS
measurements and the spatial relationships, the relative dis-
tances between different road agents can be estimated [7].
By applying the double difference (DD) on the shared GNSS
raw measurements, the correlated errors including satellite
orbit/clock biases, ionospheric and tropospheric delays, can
be eliminated [8], [9] and obtain relative position between
two road agents. The performance and limitation of the double
difference GNSS based collaborative positioning method are
evaluated with the Cramer-Rao lower bound (CRLB) [10].The
relative positions of different vehicles are combined with
absolute positions to optimize the position of the participated
vehicles [11]. Moreover, the feasibility and improvements of
integrating the inter-agent distances with GNSS measurements
in a tightly-coupled architecture are studied [12]. However,
the benefits of DD are limited to open-sky areas without
NLOS or multipath effect [13], [14]. Unfortunately, GNSS
receivers suffer from severe multipath and non-line-of-sight
(NLOS) effects in urban areas [15]. The effects are strongly
dependent on location. In other words, it cannot be eliminated
or even mitigated by double differencing the measurements
of road users. Since the multipath effect and NLOS recep-
tion are the dominant errors in urban areas [16], various
algorithms are developed. A straightforward method is to
integrate the GNSS with other sensors, which can maintain
the positioning accuracy when GNSS measurements are not
reliable. GNSS/INS integration has been widely applied to
achieve robust positioning solutions [17]–[19]. Whereas, INS
suffers from a continuous drift and is unable to guaran-
tee the accuracy over long-time in dense urban areas with-
out a reliable GNSS solution. Another approach is aiding
GNSS with anchor-based measurements, for example, angle-
of-arrival measurements [20], magnetic field strength [21],
cellular signals [22], or more generally, the signals of opportu-
nity [23]. However, the integration with other sensors requires
additional hardware or infrastructures, as well as the consid-
eration of the reliability of other sensors.

Since the multipath effects are caused by building reflec-
tions, researchers are studying the employment of 3D building
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Fig. 1. Demonstration of the commonly-received GNSS measurements
between different users in deep urban canyon. In the skyplots, green and
red dots denote LOS and NLOS signals, respectively. Grey area denotes the
area blocked by buildings.

models to mitigate these effects, as known as the 3D mapping-
aided (3DMA) GNSS [24]–[30]. GNSS shadow match-
ing (SDM) is one of the most widely applied 3DMA
GNSS [31]–[33]. The detail and performance assessment of
the state-of-the-art of 3DMA GNSS is reported in [24], [34].
A decentralized collaborative localization makes use of SDM
and inter-agent ranging provided by ultra-wideband (UWB) is
proposed and evaluated based on simulation [35]. The building
model is also used to correct the UWB signal transmission
delay when passing through walls, in order to improve the
indoor collaborative positioning performance [36]. We pre-
viously proposed a pure 3DMA GNSS based collaborative
positioning method. We used the SDM estimated satellite vis-
ibility to exclude the measurements affected by NLOS recep-
tions before their use in double difference, thereby improving
GNSS-based collaborative positioning in an urban area [37].
The experiment shows the previously proposed method can
obtain satisfactory results if the number of common mea-
surements between two road users is sufficient. However,
the number of common line-of-sight (LOS) measurements
are usually limited in deep urban canyons. An example is
given in Fig.1. If most of NLOS are excluded, the remind-
ing common measurements became few. Out of the 6 LOS
signals for each user, only 2 LOS signals (10 and 93) are
simultaneously visible for these users due to the different
surrounding buildings (grey area). This insufficiency makes the
GNSS relative positioning difficult. The reason is the exclusion
will lead to the distortion of GNSS dilution of precision
(DOP), resulting in poor positioning performance, which we
experienced in our previous work [38].

Ray-tracing based 3DMA GNSS is developed to correct the
multipath and NLOS errors from reflections [25], [27], [39].
Based on the pure reflection assumption, the reflected GNSS
signal route can be simulated from the surfaces of build-
ings [40]. The extra traveling distance of the reflected GNSS
signal can be estimated and used to correct the pseudorange
measurements. Therefore, the ray-tracing algorithm is comple-
mentary to the GNSS based collaborative positioning in urban
areas.

The aim of collaborative positioning is to improve the
positioning accuracy of the road agents by centralizing and
optimizing the absolute and relative positioning solutions
provided by all participants. A study shows the effectiveness
of using maximum likelihood estimation (MLE) [41]. How-
ever, the MLE may fail due to the nonconvex cost function.
A convex relaxation is applied to solve the problem [42].
A cooperative method based on the least square is also
developed to solve the non-convexity [43]. Multidimensional
scaling (MDS) is another popular technique for collaborative
positioning, exploring the spatial proximities between different
agents with fast response [44], [45]. Recently, the factor graph
optimization (FGO) is developed for applications with a large
number of constraints [46], such as simultaneous localization
and mapping (SLAM). FGO is well-known for its robustness
against outliers [47]. It is also used in GNSS positioning
under urban environments. The relate works show its ability
in mitigating the outliers due to the multipath effect [48]
and its potentials to outperform the extended Kalman filter
(EKF) [49]. Thus, it is promising to apply FGO to GNSS
based collaborative positioning.

This paper proposes a ray-tracing 3DMA GNSS based
collaborative positioning using FGO. We aim to improve the
positioning accuracy of road users in dense urban areas by
this centralized method. First, the ray-tracing algorithm is
used to correct the NLOS pseudorange error for individual
agent. Then, the GNSS systematic errors are eliminated using
the double difference technique, thereby obtaining relative
positions between different agents. The graph of FGO is
described by connecting the nodes (agents’ state) based on
the absolute and relative positions estimated by 3DMA GNSS
and DD positioning, respectively. The reliability of each node
and constraints are given by a predicted GNSS positioning
error map [50]. The contributions of this paper are summarized
as following: 1) Complementarily integrating the DD GNSS
based collaborative positioning method with the ray-tracing
based 3DMA GNSS to directly improve the GNSS position-
ing performance without the use of any additional sensors;
2) employing the factor graph optimization to obtain robust
performance in dense urban areas, where outliers frequently
occur.

The remainder of this paper is organized as follows. The
overview of the proposed method is given in Section 2. The
proposed grid-based 3DMA relative positioning with double
difference technique is detailed in Section 3. In Section 4,
the process of the factor graph optimization to achieve overall
optimal positioning solution is introduced. The uncertainty of
each constraint based on the predicted positioning error map is
also introduced. After that, the improvement of the proposed
algorithm is verified and discussed with real experiments in
Section 5. Finally, the conclusion is drawn and future work is
suggested in Section 6.

II. OVERVIEW OF THE PROPOSED ALGORITHM

The use of 3D mapping database to support the proposed
3DMA GNSS collaborative positioning is shown in Fig. 2.
First, a set of grids is defined on the ground surface based
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Fig. 2. The use of 3D mapping database in center server to generate simulated GNSS LOS/NLOS ranges from satellites to each grid and predicted GNSS
positioning error map.

Fig. 3. The overview of the proposed 3DMA cooperative positioning with factor graph optimization. This is an example of 3 road agents participated in the
collaborative positioning. The blue parts are the methods proposed in this paper. The parts highlighted in yellow are algorithms in the center server.

on digital terrain model (DTM) with a resolution of 2 by
2 meters in a selected area. The ray-tracing algorithm is used
to simulate the GNSS LOS/NLOS ranges from satellites to
each grid [39], which will be used in the 3DMA GNSS of the
proposed collaborative positioning. In addition, the simulated
ranges are used to predict the GNSS positioning error on
each grid in the given time [50]. The system overview of
the proposed 3DMA GNSS based collaborative positioning
algorithm is given in Fig. 3. As shown in Fig.3, the road agents
send their own GNSS raw data to the center server to conduct
the proposed collaborative method. First, the ray-tracing based
3DMA GNSS algorithm [39] is applied to obtain the improved
absolute position of individual road agents. In order to obtain
an accurate relative position between two road agents, we pro-
pose a grid based 3DMA GNSS relative positioning method.
The idea is similar to the previous work in [39]. Instead
of comparing the pseudorange likelihood, the likelihood of
the double difference measurements is considered. The detail
will be introduced in the next section. After obtaining the
absolute and relative positions, all these solutions are used
as constraints for the factor graph optimization. Based on

each agent’s absolute position estimation, the corresponding
positioning error can be evaluated by the predicted GNSS posi-
tioning error map and further used to obtain the uncertainty of
the related constraint in the factor graph. Finally, by applying
the factor graph optimization, the global optimal positioning
of the participated road agents can be achieved with higher
accuracy and robustness.

III. GRID BASED 3DMA GNSS RELATIVE POSITIONING

Conventionally, the relative position between two road
agents can be estimated by double differencing the GNSS
pseudorange measurements [51]. The problem is the multipath
and NLOS affected measurements cannot be canceled or even
mitigated during DD. Thus, the delay caused by reflections
must be corrected before it is used in DD. Since the true
position of the road agent is unknown, it is unable to derive
the unique multipath and NLOS pseudorange corrections using
the ray-tracing algorithm. A feasible approach is to select a
number of grids near the initial position of the road agent.
The initial position is given by the ray-tracing based 3DMA

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on March 24,2022 at 09:05:46 UTC from IEEE Xplore.  Restrictions apply. 



6178 IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 22, NO. 10, OCTOBER 2021

Fig. 4. The flowchart of the proposed grid based 3DMA GNSS relative
positioning method.

GNSS [39]. By extending the idea of the ray-tracing based
method, we propose to calculate the relative position based
on a position hypothesis based method. Its flowchart is given
in Fig.4.

Sets of grids � and � are selected for road agents a and b,
respectively. Note that the height of the grids is given by
DTM, assuming that the road agents are on the ground. If the
ray-traced range of a grid is NLOS, then the NLOS correction
of that particular grid can be calculated as:

δρi
n,N L OS = Li

n − Ri
n (1)

where δρi
n,N L OS is the NLOS correction for the pseudorange

from the i th satellite to the nth grid, Li
n is the total distance

of the simulated reflection path and Ri
n is the geometric LOS

range between the nth grid and the i th satellite. Note that,
the NLOS correction generated by ray-tracing is unique for
each grid. The corrected range in a grid selected by road agent
a is calculated as:

ρ̂i
na

= ρ̃i
a − δρi

na,N L OS (2)

where ρ̃i
a is the received pseudorange measurement from

satellite i to road agent a. A grid closer to the true position
of the road agent is more likely to obtain a correct cor-
rection. To estimate the relative position between two road
agents, DD of the corrected range measurements is used.
Like DGNSS, the road agents applying DD are better to be
close within 1 km, ensuring the GNSS atmospheric delays are
similar [52]. The calculation of the DD range between two
grids selected by road agent a and b is as below:

Dim
na nb

=
(
ρ̂m

nb
− ρ̂i

nb

)
−

(
ρ̂m

na
− ρ̂i

na

)
(3)

where the superscript m denotes the master satellite.
We selected the satellite with the highest elevation angle as
the master satellite in this paper. Due to the distance between
satellite and road agent is far way comparing to the distance
between two road agents, their relationship can be linearized
as following [52]:

Dim
na nb

=
(
�ηm − �ηi

)
· �P̂nanb (4)

where �ηi and �ηm are the unit line-of-sight (LOS) vectors

Fig. 5. The demonstration of the grids selected by two road agents.

from the road agent to satellites i and m, respectively.
�P̂nanb denotes the relative position between the grids na

and nb selected by road agent a and b, respectively. It is
demonstrated in Fig. 5. Equation (4) can be re-written as:

Dim
na nb

= Aim�P̂nanb (5)

Considering the DD ranges from different satellites, the rela-
tive position can be solved by pseudo-inversing matrix A:

�P̂nanb =
(

ATA
)−1

ATDna nb (6)

We assume if both selected grids are close to the real position
of road agents, the corresponding estimated relative position,
�P̂nanb , should be closer to the true relative position between
road agents a and b. In contrast, if both of the grids are
far away from the real road agent positions, the ray-tracing
correction will be incorrect. Using the faulty corrections will
increase the uncommon errors in DD range, resulting in
the corresponding relative positioning error will be largely
increased. As a result, the estimated relative position with
faulty corrections will be very different from the actual relative
position between the two grids. The difference is calculated
as:

δ�P(na,nb) =
∥∥∥(

Pnb − Pna

)−�P̂nanb

∥∥∥ (7)

If the assumption is valid, the likelihood (the posterior prob-
ability) of each pair of grids can be estimated using the
difference as following:

�(na,nb) = ex p

[(
δ�P(na,nb)−δ�Pmin

)
(δ�Pmax−δ�Pmin)

]−1

(8)

δ�Pmin = min
na∈�,nb∈�

{
δ�P(na,nb)

}
(9)

δ�Pmax = max
na∈�,nb∈�

{
δ�P(na,nb)

}
(10)

where �(na,nb) is the estimated likelihood of the paired grids
na and nb. The total set of different combining pairs of the
grid selected from road agents a and b can be expressed as:

Pair = {(na, nb) | na ∈ �, nb ∈ �} (11)

δ�Pmin and δ�Pmax are the minimum and maximum
of the calculated differences of all the pairs. We normalized
the difference δ�P(na ,nb) and prioritized the pairs based on
the likelihood. The larger likelihood of the pair (smaller
difference) is, the higher chance the pair can reflect the actual
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Fig. 6. The concept of the anchor-based GNSS collaborative positioning
method.

relative position of the road agents. To gain robustness of the
proposed method, we selected (filtered) the top 1% of all the
pairs in this study. For example, if 100 grids are selected by
each road agent, 10,000 pairs are generated between two road
agents. Then, 1% means 100 pairs. Finally, the relative position
between road agents a and b can be determined by weighted
average of all the filtered pairs (denoted as Pair∗ and pair∗
for a subset).

�x̂ab =
(∑

Pair∗ �pair∗ ·�Ppair∗
)/ ∑

Pair∗ �pair∗ (12)

By applying the proposed 3DMA GNSS relative positioning
method, an accurate relative position can be estimated even
when two road agents are located in urban canyons. The
relative positions of all the combinations of the road agents
are estimated using the proposed method.

IV. FACTOR GRAPH OPTIMIZATION BASED

COLLABOTATIVE POSITIONING

If a road agent is identified driving in GNSS friendly
areas, the agent can play the role of “anchor” in the col-
laborative positioning [37]. As the demonstration in Fig. 6,
by collaborating the healthy measurement from the anchor
agent, the nearby mobile agent is able to obtain a better
positioning solution. However, it is always difficult to correctly
identify the “anchor” in the system. In other words, it is
not robust. Instead of using an anchor, we should consider
collaborative positioning as a problem of optimization. The
absolute position of agents (calculated by ray-tracing based
method) and the relative positions between agents (calculated
by the proposed grid based 3DMA GNSS relative positioning)
are regarded as constraints in the optimization process.

Since the number of constraints becomes enormous when
more road agents are participating, the factor graph optimiza-
tion (FGO) becomes a good candidate to conduct collaborative
positioning. FGO is famous for its outstanding performance
with a large number of constraints [47]. Since we assume the
road agents are driving or walking on the ground, we focus
on the positioning in the East-North (horizontal) plane of the
local coordinate. In this study, the FGO is based on the open
source toolbox (gtsam-toolbox-3.2.0) [46].

A. Factor Graph Construction

The factor graph (including nodes and edges) of the pro-
posed collaborative positioning system can be defined as
shown in Fig. 7.

Fig. 7. The proposed factor graph for the 3DMA GNSS-based collaborative
positioning system. Node is denoted as a black circle. Lines (edges) with
different colors denote different types of constraints, including 3DMA GNSS
absolute positioning (red) and relative positioning (green) and GNSS-based
displacement estimation (blue).

A node is defined as the absolute position of each road
agent, which is denoted as Xa,t for agent a at the t th

epoch. The absolute position estimated by ray-tracing based
3DMA GNSS of each road agent is employed as a one-sided
constraint using the red edge, which is denoted as X̂a,t . The
green edge is defined as the constraint of relative position
between the different agents, which is denoted as �Xab,t for
that between agents a and b at epoch t . The blue edge is
defined as the displacement constraint between the different
epochs of a road agent, which is denoted as �Xa,t→t+1 for
agent a from epochs t to t + 1. By expanding the graph
with new estimated constraints, the graph can be updated.
Hence, the overall optimal positioning solution of each road
agent can be obtained based on optimizing the graph. Since
the position of each agent is determined considering all the
available constraints, through space and time, the estimated
solution is hence more accurate and robust against errors
comparing to the anchor based approach [37].

B. Uncertainty Evaluation During Factor Graph
Optimization

The reliability of each constraint is essential. Simply using
the DOP of the GNSS measurement cannot describe the
uncertainty of GNSS solution, especially in the case of urban
canyons. The DOP value could be untrustworthily small
due to severely affected NLOS receptions. We previously
proposed to use the predicted positioning error map (shown
in Fig. 2) to identify the friendliness of the environment
that GNSS receivers located [53]. Previously, we used this
approach to find the “anchor” of the collaborative system.
In other words, it is a binary classification, healthy and not
healthy. In this paper, we use the predicted GNSS error as
the uncertainty of the edges (constraints). The predicted error
map (PEM) can be regarded as a function to obtain the
predicted error of a position xa on the map.

PEM (xa) =
[

erreast
xa

errnorth
xa

]
(13)

where erreast
xa

denotes the positioning error in the east direction
based on xa. The xa is estimated by the ray-tracing based
3DMA GNSS [39] in this paper. However, xa may contain
errors. To deal with this uncertainty, we propose to include
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more grids, Perr
xa

, within a certain radius r = 10 meters
around xa. This value is heuristically determined by the
uncertainty of xa. Thus, the predict error sets of the selected
grids along east and north directions can be expressed as:[

erreast
xa

errnorth
xa

]
= {

PEM
(
Perr

xa

) | ∥∥Perr
xa

− xa
∥∥ ≤ r

}
(14)

Finally, the noise covariance matrix of the absolute position
xa is given by:

�abs
xa

=
[ ( ¯erreast

xa

)2 0

0
( ¯errnorth

xa

)2

]
(15)

where ¯ denotes the average calculation. Similarly, the noise
covariance matrix of the relative position between road agents
a and b�x̂ab is given by:

�rel
�X̂ab

=
[ ( ¯erreast

xa

)2+( ¯erreast
xb

)2 0

0
( ¯errnorth

xa

)2+( ¯errnorth
xb

)2

]

(16)

For the constraint of the displacement of a road agent,
the uncertainty should be decided based on the behavior of
road agents.

�
displacement
xa,t→t+1 =

[
σa,t→t+1 0

0 σa,t→t+1

]
(17)

where σa,t→t+1 denotes the uncertainty of a road agent
between two epochs. The behavior can be intelligently
detected based on the classifier trained by machine learning
or deep learning approaches. An example using raw sensor
data of smartphones to detect the behavior can be found [54].
A similar approach can be used to classify whether the road
agent is a pedestrian or a road vehicle. This paper selects
σa,t→t+1 = 0.2 meter because the experiments are done by
pedestrians. After defining the constraints and corresponding
uncertainties in the graph, we have to minimize the cost of
factors.

C. Optimization of the Constructed Factor Graph

The objective function is constructed by the cost of each
factor mentioned earlier. The cost of the absolute position is
defined as follows:

εa,t = H(xa,t ) − x̂a,t (18)

εa,t is the cost for the absolute positioning constraint for
road agent a at epoch t . Transform matrix H is the identity
matrix. The cost function for the constraint of relative position
between different road agents at the same epoch:

εab,t= H
(
xb,t

) −H
(
xa,t

) −�x̂ab,t (19)

where εab,t is the cost vector regarding the relative constraint
between the different road agents a and b at the same epoch t .
�x̂ab,t is calculated based on (12). The cost of the constraint
of a road agent’s displacement from time epochs t and t + 1
is derived by:

εa,t→t+1= H
(
xa,t+1

)−H
(
xa,t

)−�x̂a,t→t+1 (20)

Fig. 8. Experimental design: static (left) and dynamic (right) experiments
with 4 and 5 receivers, respectively.

where �x̂a,t→t+1 denotes the displacement of a road agent,
which is calculated using the equations below:

�x̂a,t→t+1 = v̂a,t · �t (21)

v̂a,t =
(

GTG
)−1

GTfa,t (22)

where v̂a,t denotes the estimated velocity of agent a using
the measured GNSS Doppler frequency fa,t (after correcting
satellite clock drift). G denotes the unit LOS matrix. Finally,
the objective function for this FGO is defined as:

χ∗ = arg min
χ

∑
k

‖εk‖2
�−1

k
(23)

where χ = [
x1 · · · xN

]T
is the vector of the N nodes in the

graph and χ∗ is the optimized position of each node. εk is
the cost for the kth constraint, where εa,t , εab,t , εa,t→t+1 ∈
εk . �k is the noise covariance matrix with the corre-
sponding uncertainty constraint which can be found in
(15, 16 and 17). By employing the Levenberg-Marquardt
optimization method [46], the optimal positions of each road
agent can be achieved with higher accuracy and robustness.

V. EXPERIMENT RESULTS AND DISCUSSIONS

A. Experiment Setup

Static and dynamic experiments are conducted in urban
canyons in Hong Kong as shown in Fig. 8. We use pedes-
trian to replace the vehicle as the data collection platform.
Consumer-grade GNSS receiver, ublox M8T, is selected since
it is popular in the ITS field. GNSS receivers are simultane-
ously collecting raw measurements in NMEA and RINEX for-
mat, with the sampling rate as 1Hz. The GNSS measurements
are synchronized based on the GPS time and post-processed on
the MATLAB programming platform. The ground truth of this
experiment is obtained by comparing the landmark in Google
Earth. We compare the following approaches:

1) LS: Conventional least square method,
2) RT: Ray-tracing based 3DMA GNSS [39],
3) SDM-CP: SDM 3DMA GNSS using anchor based col-

laborative method [37],
4) RT-CP: Ray-tracing 3DMA GNSS using anchor based

collaborative method,
5) SDM-FGO: Apply FGO to SDM-CP, and
6) RT-FGO (proposed method): Apply FGO to RT-CP
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TABLE I

COMPARISON BETWEEN EXPERIMENTAL AND PREDICTED
GPS POSITIONING ERRORS

Fig. 9. The error of the relative positioning estimation between Receivers
1 and 4 based on the conventional double difference (DD), the shadow
matching visibility-based double difference (SDM-DD) [37] and the proposed
grid based 3DMA GNSS relative positioning (RT-DD). The black cross
denotes the epoch when the SDM-DD was unable to provide a valid solution
(SDM-DD Invalid).

TABLE II

THE RMSES, MAX ERRORS AND AVAILABILITY OF THE RELATIVE

POSITIONING SOLUTIONS FROM DIFFERENT METHODS

B. Static Experimental Results

The comparison between experimental and predicted GPS
positioning errors of each receiver is given in Table I. Since
the ray-tracing simulation cannot perfectly model the receiver
noise and other error factors, the simulated error may lower
than the actual GNSS error that receiver experienced.

The errors of the relative position between receivers esti-
mated by different approaches are shown in Fig. 9. The cor-
responding root mean square errors (RMSEs) and maximum
errors (Max errors) are shown in Table II. The Receiver 4 suf-
fered from multipath effects and NLOS receptions. Although
the conventional DD method can eliminate common errors,
it is very sensitive to the multipath effect and NLOS reception.
As a result, its relative positioning error is enormous with
an RMSE of 84.6 m. One idea is to exclude the NLOS
measurements before the DD process. Our previous work uses
the satellite visibility determined by shadow matching (SDM)

Fig. 10. The HDOP of the DD, SDM-DD and RT-DD.

to exclude the NLOS ones [37]. Thereby, its estimated relative
position is improved comparing to the conventional DD.
However, the available LOS signal is limited in urban areas,
thus making the surviving measurements after the SDM
exclusion also limited. Due to the unsatisfactory satellite
distribution of the surviving measurement, the SDM-DD has
an RMSE of 20.3 m for the relative positioning. Moreover,
the amount of surviving measurements may even be insuffi-
cient for positioning, thus making the availability of the valid
SDM-DD solution only 70%. Using the proposed grid based
3DMA GNSS relative positioning, the reflected GNSS mea-
surements are corrected instead of excluded. As a result, the
relative positioning accuracy is further improved comparing to
our previous work, the SDM-DD method, reaching an RMSE
of 16.3 m.

The benefit of applying the proposed 3DMA GNSS relative
positioning can be further explained by comparing the hori-
zontal DOP (HDOP) of the used DD measurements as shown
in Fig. 10.

The mean of the HDOP of the original DD measure-
ment (nor exclusion or correction) is about 0.72. Using the
satellite visibility of SDM to exclude the NLOS measure-
ment, the HDOP increases to a mean of 2.41. By using the
ray-tracing correction, the HDOP is maintained as 1.34 in
average, which enables the RT-DD to achieve a better relative
positioning solution. The reason of the HDOP of RT-DD
higher than that of DD is RT cannot also correct NLOS if
the reflected route is not detected.

After obtaining the relative position between Receivers 4
(degraded) and 1 (healthy), the absolute position of Receiver 4
can be collaboratively estimated based on the idea of our
previous work [37]. By employing Receiver 1 as an accu-
rate anchor, the absolute position of Receiver 4 (RT-CP)
can be computed using the absolute position of Receiver 1
and the proposed grid based 3DMA GNSS relative posi-
tioning between Receivers 1 and 4. The errors of different
anchor based collaborative positioning methods are shown
in Fig. 11. The conventional LS obtains a performance
of 30.9 m in RSME. The SDM approach excludes NLOS
measurements, therefore improving the positioning accuracy
to RMSE of 16.2 meters with 70% availability. The proposed
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Fig. 11. The error of absolute positioning of receiver 4 by LS, SDM-CP,
RT-CP, SDM-FGO and RT-FGO.

Fig. 12. The absolute positioning solutions of receiver 4 by LS, SDM-CP,
RT-CP, SDM-FGO, RT-FGO and the ground truth.

grid based 3DMA GNSS relative positioning uses ray-tracing
correction and collaborates with an anchor receiver, generating
an improved performance of 7.8 m in RMSE, which is nearly
three times better than that of the conventional LS method.

However, the RT-CP method conducts positioning based on
a single anchor, which is not always reliable. In some of the
epochs, both the relative position from the double difference
and the absolute position from the ray-tracing 3DMA GNSS
of Receivers 1 and 4 may not be accurate, thus resulting in the
positions being inaccurate in these epochs. As Fig. 11 shows,
the positioning error distribution of RT-CP is largely fluctu-
ated. To improve the robustness of the collaborative position-
ing, we use the FGO considering all the constraints mentioned
in Section IV and the result is shown in Fig. 12.

Using the factor graph optimization for the SDM-CP, some
of the positions with enormous errors are reduced by the
constraints during optimization. Comparing with SDM-FGO,
the proposed method (RT-FGO) highly reduces the RMSE
from 12.6 m to 7.4 m and the Max error from 24.8 m to 17.7 m.
As shown in Fig. 12, the positioning solution of the proposed
method (green) is more accurate and precise compared to other
methods.

In addition to Receiver 4, the positioning accuracy of the
participating receivers are improved by RT-FGO as shown

TABLE III

THE RMSE (MAX ERROR) IN METERS OF ABSOLUTE POSITIONING
OF EACH RECEIVER USING DIFFERENT APPROACHES

in Table III. The proposed method achieves the best per-
formance, which is three times better than that of the LS.
The proposed method also largely improves the result from
the stand-alone ray-tracing 3DMA GNSS [39]. Although the
improvement of the RT-FGO compared to the RT-CP is
only 0.4 m with respect to the RMSE, the robustness of
the positioning solution is improved. For another degraded
receiver (Receiver 3), the single-anchor-based RT-CP method
slightly improves the positioning accuracy with respect to
the other methods by nearly 2 m in the RMSE. By using
the factor graph optimization, the positioning accuracy is
significantly improved to an RMSE of 8.4 m. Moreover,
comparing with the anchor-based RT-CP method, the peak
error is remarkably reduced from 25.8 m to 11.7 m after apply-
ing the proposed collaborative optimization with other users.
Since the optimization obtains an overall optimal solution and
the uncertainty of the constraints may not be very accurate,
the positioning solution of the healthy receiver after optimiza-
tion may be slightly degraded compared to other methods.
In general, the proposed 3DMA GNSS-based collaborative
positioning algorithm with factor graph optimization is able
to achieve an overall more accurate and robust positioning
solution with an RMSE of less than 10 m for each receiver in
the urban areas.

C. Dynamic Experimental Results

The relative positioning errors of different methods, includ-
ing all Receivers and operating epochs, are compared in
terms of the RMSE and Max error in Table IV as well
as the cumulative distribution functions (CDFs) in Fig. 13.
Since the differential approach can worsen the multipath and
NLOS effects, most of the conventional DD estimation results
contain enormous errors. The SDM-DD excludes the NLOS
measurement achieving an improved relative positioning result
that 69% of the errors are within 10 m. Note that Receiver 5 is
located on a narrow street with two-side tall surface buildings,
the NLOS reception is severe and the number of direct
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TABLE IV

THE RELATIVE POSITIONING RMSE (MAX ERROR) IN METERS BETWEEN RECEIVERS IN THE DYNAMIC EXPERIMENT

Fig. 13. The relative positioning error CDFs of the conventional DD,
SDM-DD and the proposed RT-DD for all the Receivers and all epochs.

GNSS signals is very limited. Due to the lack of common
satellites in view (as we demonstrated in Fig. 1), the SDM-DD
relative position performance between Receiver 5 and other
receivers is significantly degraded, leading to 6% of the
error exceeds 40 m. By employing the complementary char-
acteristic between the ray-tracing algorithm and the double
difference method, the relative positioning accuracy can be
further improved. Comparing to SDM-DD, RT-DD ensures
a sufficient amount of measurements, which mitigates the
enormous relative positioning errors to below 40 m, achieving
a much lower Max error. Specifically, the relative positioning
RMSEs between Receiver 3, 4 and 5 are all below 6 m.
Notice that the relative positioning error of R3-R4 is larger
than R1-R4 or R2-R4. It is probably because the ray-tracing
technique cannot completely correct all the NLOS errors,
which makes the measurement noise after correction is still
higher than the open-sky scenario. Therefore, collaborating
with the road agents from healthy scenarios could enhance
the potential for better performance. However, for Receiver 5
located in a narrow street, the measurements are possibly
experiencing double reflections, which is not considered in our
NLOS correction. Therefore, the proposed grid based 3DMA
GNSS relative positioning is unable to achieve satisfactory
performance for Receiver 5.

For Receivers 3, 4 and 5 that located in a dense urban area,
the positioning results of the proposed and other collaborative
positioning methods are shown in Fig. 14 (a), (b) and (c),
respectively. For the Receivers 3 and 4, the anchor-base
cooperative positioning method (RT-CP) can achieve a bet-
ter positioning solution comparing to conventional methods.
Using the FGO, all the available measurements are used as

constraints for the global optimal solution. The optimized
solutions from SDM-FGO and RT-FGO are more robust and
closer to the true position. The performances of the proposed
and other methods are evaluated with RMSE and Max error
in Table V.

For Receivers 1 and 2 which located in the GNSS-friendly
environment, the proposed algorithm can maintain their perfor-
mance during the optimization. For Receivers 3 and 4 located
in a dense urban area, the accurate relative positions are used
to improve the positioning accuracy with RT-CP, achieving the
RMSE twice lower than the LS method and 3 meters better
than stand-alone RT method. By applying with FGO, the posi-
tioning accuracy of Receiver 4 is improved within 5 meters of
RMSE. Interestingly, the optimized solution for Receiver 3 is
not better than the RT-CP method, which is due to the improper
uncertainty of the constraint of the displacement in FGO.
Since the Doppler measurement is not accurate for Receiver 3
and is given a smaller uncertainty, the solutions may drift
and resulting additional 2 meters in RMSE. As mentioned
earlier, the proposed NLOS correction method may not be
able to fully correct the double reflected signal delay by only
considering single reflection. Then, the remnant delay could
degrade the positioning performance, may even worse than the
exclusion-based method. Therefore, the RMSE of the proposed
method achieves a performance of 18.6 meters in RMSE.
Comparing to receiver’s NMEA position result with sophis-
ticated filtering techniques, our proposed method can achieve
significant improvements for most of the scenarios. In general,
the proposed 3DMA GNSS collaborative positioning method
with factor graph optimization can significantly improve the
GNSS positioning accuracy in dense urban areas.

D. Noise Analysis

To evaluate the benefit of our proposed method, the GNSS
measurement noise during the collaborative positioning is
analyzed. The GNSS measurement noise combines with sys-
tematic error and uncommon error. The systematic error
is eliminated by the DD method. For the urban scenario,
the majority of the uncommon error is the NLOS delay, which
can be corrected by the RT method. Then, the remaining noise
required to be analyzed is the RT correction residual.

The GNSS pseudorange error CDFs before and after RT
correction during the dynamic experiment are compared
in Fig. 15. The pseudorange error is estimated using double
differential measurements with the knowledge of the ground
truth location [55]. Most of the NLOS errors are corrected by
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Fig. 14. The positioning results of the proposed 3DMA GNSS based collaboative positioning with factor graph optimization (RT-FGO) comparing to that
of the conventional least square method (LS), shadow matching based cooperative positioning method (SDM-CP), anchor-based positioning method using
ray-tracing (RT-CP) and SDM based cooperative positioning with factor graph optimization (SDM-FGO) for the receiver 3 (a), receiver 4 (b) and receiver 5
(c) in dense urban areas.

TABLE V

THE ABSOLUTE POSITIONING RMSE (MAX ERROR) IN METERS OF

EACH RECEIVER IN THE DYNAMIC EXPERIMENT

Fig. 15. The GNSS pseudorange error CDFs before and after ray-tracing
corrections for Receiver 3 (a), Receiver 4 (b) and Receiver 5 (c) during the
dynamic experiment.

the RT method, which significantly reduces the pseudorange
error comparing to the original measurement. Note that a few
measurements still have the correction residual over 50 meters.
It is due to the double reflection or diffraction effect that cannot
be modelled by the RT method.

To evaluate the impact of the correction residual, we ana-
lyze the likelihood distribution used to determine the relative
position (as described in Section III). The averaged likelihood

Fig. 16. The averaged likelihood distribution for each grid pair during the
proposed relative positioning between Receivers 3 and 4. S-N Error and W-E
Error denote the error between the relative grid position and the true relative
position on the South-North or West-East directions. The likelihood value is
indicated with height and color.

distribution among all the grid pairs during the relative posi-
tioning between Receivers 3 and 4 is shown as Fig. 16. For
each pair of grids, its relative grid position vector is compared
with the actual relative position between Receivers, to estimate
the West-East (W-E) and South-North (S-N) errors. Afterward,
the likelihood values of all pairs are constructed as a likelihood
distribution corresponding to the W-E and S-N error. Then,
the likelihood distributions of all epochs during operation
will be averaged, representing the overall performance. Since
the likelihood distributions may not always have the same
coverage on “W-E error” and “S-N error”, only the area with
over ten epochs occurrence will be considered.

From the averaged likelihood distribution, the highest peak
is located close to the coordinates (0,0). On the contrary,
the likelihood value significantly decreased for the pairs with
higher error. Although the RT correction remains residual,
the RT corrected DD estimation from the correct pair is still
consistent with the actual Receivers relative position, achieving
a high likelihood value. Therefore, the impact of the correction
residual is sufficiently low, which guarantees the likelihood
value on the correct pair much higher than that on the fault
pair. By using the likelihood values as weights, the pairs
with higher likelihood will have more contribution in the
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Fig. 17. (Left) The clock-wise vehicular experiment route in the urban
scenario. (Right) The CDFs of pseudorange errors before and after applying
the ray-tracing correction.

proposed method, which enables us to estimate the relative
position with lower W-E and S-N error.

Since the dynamic experiment is conducted with limited
scenarios, an additional vehicular experiment is conducted
to evaluate the RT correction residual for various scenarios.
As Fig. 17 (left) shows, the vehicle is driven with a clock-
wise route in an urban area of Hong Kong. There are
2895 epochs (1Hz) in total. The true position of the vehicle
is obtained by the Novatel SPAN-CPT with the real-time
kinematic solution. The CDFs of pseudorange error before and
after applying the RT correction are shown in Fig. 17 (right).
The proposed RT method can correct most of the NLOS
delays, achieving 80% of the pseudorange errors are less than
16.3 m, much lower than the original 29.7 m. However, there
still exist 15% of the pseudorange errors exceed 20 m after
correction. This could come from we mistakenly apply the
RT correction to a diffracted-pseudorange measurement or a
double-reflected-pseudorange measurement.

VI. CONCLUSION AND FUTURE WORK

In this study, a centralized 3DMA GNSS-based collabo-
rative positioning algorithm using factor graph optimization
is proposed to improve the positioning accuracy of the par-
ticipated road agents in dense urban areas. By applying the
ray-tracing algorithm to correct the NLOS delay caused by
buildings, the uncommon errors between different receivers
are mitigated. Then, the remaining systematic GNSS errors can
be eliminated using the double difference technique. Based on
their complementary characteristic, the ray-tracing and double
difference combined method can achieve a more accurate
relative positioning.

By employing the receiver located in GNSS-friendly area as
an anchor for collaborative positioning, the positioning accu-
racy of the degraded receiver is significantly improved to an
RMSE of 7.8 m with the proposed method, while the conven-
tional LS achieves 30.9 m. By further applying the FGO, all
the available measurements are used to enhance the robustness
of the positioning solution, achieving an RMSE of less than
10 m for most of the participating road agents in the dense
urban area.

However, the ray-tracing algorithm simulates the GNSS
signal reflecting point by searching every building surface
using every grid for all the received satellites, which is proved

too computational costly for a single user [56]. Additionally,
the pair-wise evaluation will enhance the computation load
in a squared way. For practical applications, it is necessary
to reduce the computation load in the future, for example,
using a unique pre-generated storage format [57] or utilizing a
simplified ray-tracing method [56]. Moreover, the uncertainty
of the constraint estimated from the positioning error map may
not be stable or accurate, which is another challenge that needs
to be solved in the future.

On the other hand, although a large network size could
help to scale down the variance of noisy factors [58], merely
increasing the number of collaborators may not be an opti-
mal approach. Some adjacent road agents in the same area
may have similar NLOS effects. Meanwhile, some of the
agents may have complementary positioning error ellipsoids,
due to different surrounding buildings or satellite visibilities.
It has great potential to better improve the positioning per-
formance by intelligently selecting the collaborating agents
based on their characteristics. However, this requires detail
and large-scale analysis with a realistic simulator considering
all possible effects. Therefore, the development of realistic
simulator and intelligent collaborator selection will also be
the future works. With appropriate agent reliability estima-
tion and the intelligent collaborator selection, the large-scale
experimental evaluation could be practically conducted based
on smartphones using low-cost GNSS chip.
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